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A methdforoalou.latingthepressuzedropofa high-speed
compressiblefluidina oonstant+.madu@ underthesimultaneous
actionoffrictionandheattransferisdeveloped.Themethodis
basedontheassumptionofanexponentiall~ituaid.temperature
distribution.Itisshownthatthetemperaturedistributionsfound
incombustion-ohambercoolingpassagescanbeapproximated“bythe
assumedtemperaturedistribution,andthata workingchartbased
onthismethwlshplifiesthecalculationofpressuredropsacross
thesepassages.Anilkstrativeexampleisincluded.

momo~

Aninvestigationofthecoolingofram-jetandtail-pipe-burner
conibustionchanibersbymeansofairflowingthroughanannularcool-
ingpassageisbeingconduoted.attheNACALewislaborat~.The
designofa combustion-ohanibercoolingsystemincludesthecalculation
ofthemassflowofcoolingairnecessarytomaintainpermissible
walltemperatisandthedeterminationofthepressuredropacross
thecoolhgpassagerequiredtoobtainthenecessarymassflowof
coolingair.

Thepressuredropina coolingpassageresultsfromthe
sinkltaneousaotionoffrictionandheattransfer.Forlowrates
ofheattransferandaMaohnumberbelow0.5,thepressuredrop
maybecalculatedbythesimplifiedmethcdsofreferences1 to3;
thesemethcdsresultinappreciableerrorsathigherMachnumbers.
Accuratecalculationofthepressuredroprequiressolutionofa
basicdifferential.equationdescribingthevariationofpressure
ofa ccmpresalblefluidunderthesimultaneousactionoffriction

\
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andheattransfer.Unfortunately,this
amenabletofonnalintegration.Tables

NACATN2067

equationi~notgenerally
andchertsthatreducethe

laborofnumerical.solutionaregiveninreferences4 and5 anda
specialsolution(reference6)hasbeendevelopedfortheeaseof
oonst~twalltemperature.

Foroned~nsionalf’lxm,thepresmmeata ~ointisuniquely
definedwhenthecorrespondingvaluesofmassflow,temperatum,
Maohnumber,andfluwareaareknown.TheTressurechangebetween
two~ointsalonga constant-areaauctoanbedeterminedifthetemper-
aturesandMachnuniirsatthetwopointsareknown.Thedifferential
equationrelatingMachnumbervariationsandtemperaturedistribution
canbeintegratedinspecialoases.Oneoftheseoasesooourswhere
thelongitudinaltemperaturedistributionT isgivenby T = cem
(whenec and n areconstantsand x isthedistamealongthe
passage). Itisshownhereinthatthelongitudinaldistributionof
airtemperatureintheooolingpassagesofram-jetandtail-pipe-
burnercombustionchambersmanbecloselyapproximatedbytheuseof
theforegoingequationina seriesofsteps,eaohstephavingMf-
ferentvaluesfortheconstantsc and n. Thisanalysisdevelops
a workingchartthats@pkLfiesthedeterminationoftheMaohnumber
changeina cmibustion-ohambercoolingpassageand,consequently,
shplifiestheoaloulationofpressuredropsreqma aorossthese-
passagestoobtainthenecessarymassflowofooolingair.Themethod
developedap@Liestotheflowofah throughstmightductshavingany
constantshape,cross-sectionalarea,androughness.

Thesolutionispresentedinthefomnofa workingohartoon-
struotedfora ratioofspecificheatsequalto1.40.Thevariables
coverrangessuffioientlylargetotnoludealmostallapplications
ofengineeringinterest.Anexe illustratingtheuseofthe
ohartfora typioalproblemispresented.

SYMBOIS

Thefollcmlngs@bolsme usedinthisreport:

A flowarea,squarefeet

7+1

M?(l+*2)7+1+27=
B=

2(7+1+7K)

F+,(.+=i7+1+27K

.
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P

valueof B whenM = 1.0

b@@-iO diameter,4X flow~a feetwettedpsrimeter’

friotion

frictionfactorasdefined%y, E .
A

~P+z
2 Dh

effectiveover-allvalueoffrictionfaotorf

massvelocityoffluid,poundspersecondpersqua&efoot

accelemtionof~vityj feetperseoondperseoond

distancefromanygivenTointtopointwhereMaohmutderwould
thecmeticallyequal1.0

lengthofpassage,feet

Machnuniber

totalpressure,pnzndspersquarefootabsolute

staticyressure,poundspersq&refootabsolute “

gasconstant,foot-poundsperpoundOR

totaltelmfkrature,‘%

statictempemture,%

fluidvelocity,feetpersecond

distancealongpassage,

ratioofspecificheats

massdensity, slugsper

feet

cubicfoot

....-. . . ..— ..- - . . . ——.—. ~—. . ...— — —— ————— .——.
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Subscri@s:

1 inlet

2 outlet

NACATN2067

METHODOFANALYSIS

Forone-nsional flow,thepressureatanypointina
fluidisuniquely&fined_%ythemassvelooity,thetemperature,
andtheMaoh<numberatthatpoint.Thefollowingdevelqment
dealswiththemiationofMaohnnni’er&longa auct.Ifthe
variationofMachnmi~erislamwn,thecorrespondingpressure
distribution isreaaily
fortheone~nsiunal

detemdneafrauthemntinnityequation
flowofa perfeotfluidaserpresseaby .

orintemnsoftotaltemperatureandtotalpressure

(la)

Equation(la)isgmphically.presenteainfigure1.

Oneformofthedifferentialequationforthevariationof
Maohnum%erofa impressiblefluiiiunderthesimultaneousaction
offriotionandheattransferforconstantareaandsmcifioheat
isobtaineafromtable2 ofreferenoe7.

.

TheohangeinMaohnumberisdependentonthetemperaturedis-
tributionalongtheduct.Oneofthecasesforwhioheauation

(2)

(2)
isintegrablewourswhenthel~tiam temperaturedistribution
isgivenby

(

—. —- —— —-—



WA TN2067 5

.

‘tj
m

4FX .
T w~=e (3)

whereK isanarbitraryoonstant(fig.2). Thenbydifferentiation

4%X. ~
w “T

Ifineqnation(2) f equals?, thesubstitutionof
equation(3a)intoequation(2)gives

Integration

Whe”nx = Z,

1/

W?( )[ 11++M2 l+&(l+K) ~

7= 12 T

ofequation(4)(app?ndixA)gives

%2(1+’%2)-
1

2(7+1+7K)

T2 l+7(l+K)~2
7+1+2YK

B2
q=

( )

7+1 =By
2 l+~M12Ml m

T /

2(7+1+YK)

F+7(’+%. ‘+’+2%

T =T2;thenfromequation(3)

and

(3a)

.

(4)

(5)

..

(4)

———. . . ..— — . \————. .._ —___ ____
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whereL* isthedistancefromanygivenyointtothepointwhere
theMachmmiberwouldtheoreticallyequal1.0.Equation(5b)is
-P~~Y psen~d ~ t~ Cm (fig.3)formious valuesof K
andfor 7=1.40.(A16by16inchworkingchaxtofthisfigureis
enclosel.) When K=+@, _byequation(3) T2/Tl= 1, whichreduces
the~o%lemtothecaseofisothermalflowwithfriction.

Theuseofthechoking-lengthparameter&%*& isillustrated
inthefollowingexample:

Station1 2
----— -— --- -—

>

.- —— -—---- —

%- % “1
= 1.0

* z“ \

< L+Fa5

Givenare Ml=
mom figure3,

1. I

0.200,K = 1.0, Z= 2.0feet,and 4?& = 0.5.

4R*l ~ s

T=”.

L*l= 3.0feet

Bysubtraction

L*
2
.L*l- z =3.0 -2.0= l.Ofoot

and

4FL*2 o s
—=*
‘h

—————_— — —.— —
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Then,frcmfigure3,

~ = 0.398

For 7 =.1.350,thevaluesof 4-fl*~ arelowertith
maximumdifferenceof5 percent;for 7 = 1.30,themaximm
ferenceWOtitabe10percent.

Ifthe Moh numberehnga ductisconstant.according

7

a
aif-

toits
definitimL* becomesinfi~te;iftheMachn&’e~alonga duct
decreases,itsvalueneverreaches1.0and L* hasnopositive
value.Consequently,themmultsofthisanalysiscanbeapplied
onlytoflowsystemsinwhichtheMachnumberincreases.

ForanyinitialMaohrmm%er,thereisa o~ticalvalueof K .
forwhichtheMachnumberalongtheductisoonsl%nt.Thisvalue
canbedeteminedbysettingequation(4)eaualtozero.The
oritioalVsJ.ueof K ist&e~Ore .- -

dK--l+
~z

Consequently,fora givenMaohnunher,ifthe
factor
number
canbe

isknown,theminimmnvalueof-T2/T1
increases,andtherefgreforwhiohthe
determined.fromequations(6)and(3).

(6)

valueofthefriction
forwhiohtheMach
ohartcanbeapplied,

APPLICATIONTOCOMBUSTION-CHAMBERCOO?IUTGI?ASSAGES

Anamularcooling~ssageformedbya concentriclinerinside
a tail-pipeburnerorram-jetccmibustionohaniberisshowninfigure4.
Iftheriseinodbustion-gastotaltemperatureisappro~tely
linear,thelongitudinaltempemtumdistributionofthecoolingair

. maybesimilartothedistributionsshowninfigure5. Iftheinitial
oooling-irandoonitistlon~temperaturesareequalandnoheat
lossesoocurthrcughtheouterwallofthecoolingpassage,the
temperaturedistributionswillbesimilartothoseshownforcaseA
(fig.5(a)). Sucha casewouldbeaninsulatedtail-piyeburnerin
whioha portionoftheturbine~ischargegasesareusedasthecoolant.
Iftheinitial.oooling-airandoumbustion-gastempemturesareequal.,
buttheexkernalheatlossesarelarge,thetemperaturedistributions
willbesimilartothoseshownforcaseB (fig.5(b)).Thiscase

-—-—— . . ..— —.—. .— —.— .——–—–.. .. —..._ ______
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wouldOorresyonato
outsidewallofthe

NACATN2067

anuninsulatedtail-pi~burnerinwhichthe
coolingannulusisoooledbymbientair.Any

oneofthetemperatedistributionsofcaseA infigure5(a)can
beapproximated(easeA,fig.6(a))byequation(3),whereK is
determinedbylettingT =T2 and x = 2. Thetemperaturedis%ri-
butionaforcaseA infigure5(a),however,haveaninitialslopeof
zerobecausetheinitialcooling+airandcombustion-gastemperat~s
wereequal.Ifjatthecooling-passageentrance,.thecoolingair
hasa lowertemperaturethanthecombustiongas,thecooling-air
temperaturedistributionwillhavea positiveinitialslope.Inas-
muchastheassumedtemperaturedistribution(givenbyequation(3))
hasa positiveinitialslope,itisnotedthatfortwocases(zero
andpositiveinitialslopes)withthesameentranceMachnumberand
over-alltem~eratureratio,theeasewitha ~ositiveinitialslope
canbemorecloselyapprobatedinonsstep.

AnyofthedistributionsforcaseA infigure5(a)canbe
matchedmorecloselybya two-stepapproximationifthetemperature
atsomeintermediatestation(preferablynearthemidpoint)is
known.Inthiscasea separatevelueofK isdetermined.foreach
step,asillustratedinappndixB. similarly,thetemperaturedis-
tributionsforcaseB infigure5(b)canbeapproachedintwosteys
(fig.6(b)). Inthiscaseanintermediatevalueof x nearthe
minimumcooling-gastemperaturewouldbepreferable;thevalueof K
forthefirststepwouldthenbenegative.

ThevariationofMachnumber(fig.7)alongthecoolingpassage
forbothoriginalandafiro@natetemperaturedistributionsshown
infigure6werecalculatedbya step-by-stepinte~tionof
equation(2)usingthetablesofreference4. A sufficientnumber
ofstepsweretakento”insurethatanyincreaseinthenumberof
steps~a notaffecttheresult.IncaseA (fig.7(a)),the
importanteffectofsmallchangesintheinitialMaohnuniberisshown.
Whenthecalculationsshowthatsonicvelocityisattainedbeforethe
outletofthecodingpassageisreached,thechosenvalueofinitial
Machnumberisgreaterthanis@ysicallypossible.

CaseA (fig.7(a))showsthattheMachnuniberincreasesfrom
0.5to1.0ina veryshortdistance.Inspiteofthefactthatthis
analysisisexactforthetemperaturedistributionofequation(3),
andcanbemadetocloselyapproximatetemperaturedistributions
similartothoseinfigure_5,ina physicalcasesmallinaccuracies
inthevelueschosenfor f or Dh mayintroduoeappreciableerrors

.

-.— —— -—— —-
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.
inthsregionofrapidlyino=asingMachnumber.Forexample,if
thelengthoftheductinfigure7(a)were2.95feet(fig.8),the
outletMachnumberbased_mtheoriginaltemperatureprofilewould
be1.0;ifthevalueof.f~ wasthenreduoedby10peroent,the
outletMaohnwiberwouldbereducedto0.75.Atthepointwhere
theOriginalValueof ~~h giVeSM = 0.50,however,a l@peroent
{reductioninthevalueof ~~ wouldonlyreduoethel@ohnumber
to0.46.ThesedifferencesinoutletMachnumberwouldgivepro:
portionatedisorepanuiesinoutletstatiopressureandsmalleraiS-
orepanoiesinoutlettotalpressure.Duetotheuncertaintyin
ohoosinga friotionfactororindeterminingtheexactcross-
seotionalareaforanyphysioalease,valuesofoutletstatic
pressurebasedonanoutletMaohnumberbetween1.0andapproxi-
matelyO.5maythereforebesubjeottoappreciableerror.Equations
forestimatingthevalue.ofthefriotionfactoraregivenin
referenoe8. Theeffectofthezvatioofthe.imertotheouter
dismeteronthefriotionfaotorofanannulusisdisoussedin
reference9.

ThevaluesofoutletMachnumberobtained%ythestep-by-
stepintegmtionofequation(2)alonga varietyoftemperature-
distributioncurvessimilartothoseoffi~ 5wereocmpared
withthe.valuesofoutletMachnumberobtainedbytheuseof
figure3 (ina mannersimilartothatahuwninappendixB),with
thefollowingresults:

(1)Whenneithermethodindioatedoholdng,theoutletMach
numberbasedona one-stepapproximationwasO to25peroentgreater“
thanthevalueobtainedbystep-by-stepintegration,withthegreater
clifferencesoooumingatthehighervaluesofoutletMaohnumber.
Whenbothmethodscausedoholdng,thetheoreticaldistametochoke
basedona one-steTapproximationwas7to25percentlessthanthe
distanoeobtainedbystep-by-stepintegration.Inasmuohasthe
tem-praturealongtheseone-step-~xtmateourveswasappreciably
higherthantheoormespondingtemperatureontheoriginalourves,
this~au.1.twas~ticipated.

(2)F= a two-stepapproximation,theoutletMachnudbers
(unohokedbyeithermethod)were.within2 peroent;thedifference
intheoreticaldi.sti~etooausechoking(chokedbyeithermethod)
waswithin2 peroent.

(3)ForanyvalueofoutletMachnumber,theprecentagechange
inoutletstatioortotalpressureisequaltoorlessthantheMaoh
numberdiscrepamiesmentionedinresults1 and2,butinthe
oppositesense.

_____—-.._.. . .. ..— . ..— — — — -— — —.— -. -.. .—— ___ ——
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coNcmDn9GREMAEKs
A methodisdevelopedforcalculatingthepressuredropofa

impressiblefluidunderthesimultaneousaotionoffriotionand
heattransfer,andispresentedintheformofa workingohart.
Itisshuwnthatthetemperaturedistributionassumedinthe
develo~ntoftheworkingchartcanbemadetoclosel”yapprodmate,
idoneortwosteps,thetemperaturedistributionsfond inthe
oool~ passagesofrem-jetandtail-pi~-burnercmibnstionchambers.
Whentwoste~swereused,theoutletpressurewaswithin2 peroent
ofthevaluesthatwouldbeobtainedbya step-by-stepinte~tion
alongtheaotusltmrature~tribntionourve.

LewisFlight 2ropulsion kllorato~,
NationalAdvisoryCommitteeforAeronautics,

ClevelmdjOhio,Ootober17,1949.

.
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API?ERDIX‘A

la

IDTKMTION-OF-FK)WEQUATION

Oneformofthedifferentialequationforsimultaneousfriotion
andheattransfer(reference7)forconstantareaandspecific”heat
is(equation(2)ofteti)

Ifthefluidtempsmturedistributionisgivenby

(M)

substitutionofequation(A2)inequation(Al)andfactoringgives

.

Let a =& and b = 7(1+K).Equation(A3)

m’ (1*2)~2
~ = /(l+&(l+&

(J=)

-1

canthenbewrittenas

orbysepratingintopartialfractions,equation(A3a)beoomes

q = (lwz)dk?+ & U + b2 (1ai9dM2T ~2 (A4)
(1+ d) a-b (l+@)

.
.. ..-. .— -—. . —— —...—.—..—— _—— ——_;. ___ __ __. .
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However,

(M)

t

I
(A6)

(A7)

> 1238
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Then

loge12T 1 loge ,1a+l2M%aM?)=
b-l-l

(1+W2)= ~

Bysubstitutingthelimits,

[

a+l

~2(l+aM22)b*

!-b+llog T&. loge (l+bM22)=
eT

1 a+l
~2(1%2)=

b+l
“ (l+blllz)b-a

—

Takingthe
b gives

(A8)

T2
—=
%

~2(1 , *2)*

2(7+1+7K)

[l+Y(l+K)~127+1+27K

7+1

%(
2 1+*1 )

z 7+1+27K

2 7+1+7K)”

~+7(l+K)M13‘+1+27K

13

antilogofequation(A9)”Landsubstitutingfor

- (A9)

a and

(Ale)

———-———.—— -—. — __ _ _ —____ ___ __
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Changingthefourthtermontherightsideofequation(A5)to

andintegrat~ina similarmannergivesa formofequation(AIO)
thatcanleevaluatedfornegativevaluesof K.

.

—————— .-. —
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APPENDIXB

SAMPLEcALcmATIm.
Thepressuredropin&qanuularcoolingpssagewi31%ecal-

culatedbytheuseofthelargeworkingchartintwosteps.Given
conditionst

t I I
I I I
I I I
I I

StatIonil Icd 2’

Xno 2.50 . 5.00feet

T = 500 603 980°R

Massvelocity,G, lb/sec/sqft . . . . . . . . . . . . . 14.05
Inlettotalpressure,PI, lb/eqftabsolute.. . . . . . 1458
~ic diameter,Dh, ft e . . . . . . . . . . .-...,0.0417
Averagefrictionfactor,~. . . . . . . . . . . . . . . . 0.00756

.

InletMachnumber.-TheinletMachnumberiso%tainedf%omthe
weight-flowpammterandfigure1.

- —

-1-G T1 14.054/500
= = 0.2155

‘1 1458

Thenfromfigure1,for 7 = 1.40,Ml= 0.242.

IntermediateMachnumber.-TheMachnnmberatstationo is
determinedfromtheworldngchartbythefcl-lowingste~s:

~= 4X0.00756. 0 725
‘h o.0417 “

.

I

.

.
— . .. . .. . ..-— .—. .—.--— — ---- .—— . ...- .— .— —-. .———— -.. ———. .— .-—
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.-

%-c

‘1-o ‘h 0.725X2.50 = 9.67=— =
T=

log ~ loge~
‘1

Enteringtheworkingohartat M = 0.242and K = 9.67gives

@L*l
— = 5.20
%-

whiohissolvedfor L*,:
A

L*l= 5.20= 7-.17feet
0.725

L*C.

MriLti@ication of

L*l- 21+ = 7.17-2.50= 4.67feet

‘h

4fi*o
— = 0.725X 4.67= 3.38
%

43*0
Reenteringtheworkingchartat ~ = 3.38and K = 9.67,

MO=

Ssme

%
0.298=Ha.

OutletMachnumber.-TheoutletMaohnuni’erisfouniiinthe
mannerastheintezmwd.iateMachtier.

%2 “ -+= 0“7259g02”50= 3*=’
lo% q %2 ~

-..——-.. .—.-
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Entertheworkingchartat M = 0.298and K = 3.73andread

4fi*a
= 2.18

‘h

Solvefor L*d

L*d= - = 3.01feet
●

.and

or

‘

L*2= L*d. Zdz = 3.01.2.50= 0.51feet

&i*2
—= 0.725X0.51= 0.37
L

4fi*Reenteringtheohartat —=
%

Pressuredrop.-Thetotal
fmm theweight-flow~ter.
isfoundfrmnfigure1 for y =

G@
P2

Solvingfor P2 gives

0.37and K = 3.73,M2= 0.567.

pres- atstation2 isobtained
Theweight-flowprameteratstation2
1.40and M = 0.567,.

= 0.431

14•~4$W = 1020lb/sqft‘2= .

Thelossintotalpressureacrosstheooolingpassageis

P1 -p2= 1458-1020= 438lb/sq ft “

orifthelossinstatiopressureisdesired

——_. . _____ ___ .—
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% ()P2=22 ~

By useof,referenoe10,

‘ P@l= 009601

PJ~2= 0.8040 .

~ = 1458X 0.9601= 1400lb/Sqft

3?2= 1020x.0.8040= 820lb/sqft

andthelossinstaticpressureis

1.Nielsen,JackN.:
N4CAARRL4111b,

EL-%?= 580lb/sqft
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Figure2.- Temperatureprofileassumedinintegrationof differ-
entialequationforsimultaneousfrictionandheattransfer.
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Figure 6S - Comparisonoflongitudinaloooling-airtemperaturedistri-
butionfromfigure5 withdistributionobtainedbyuseo,fequation
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